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The problem of optimum control for the process of metal heating is 
formulated so as to achieve minimum decarbonizar2on. The calcula- 
tional formulas are presented for the local numerical method of an 
approximate solution for the problem. 

The p r o b l e m  of se l ec t ing  the t e m p e r a t u r e  r e g i m e  
for  a fu rnace  so as to e n s u r e  the heat ing of a blank to 
the r e q u i r e d  spec i f ica t ions  with m i n i m u m  deca rbon iza -  
t ion of the sur face  can be r i g o r o u s l y  fo rmula ted  within 
the t e r m s  of the theory of op t imum control  of sy s t e ms  
with d i s t r ibu ted  p a r a m e t e r s  [1]. P r o b l e m s  of this  type 
were  in i t i a l ly  assoc ia ted  with m i n i m i z i n g  the amount  
of sca le  dur ing  heating; solut ions  were  fo rmula ted  in 
[2] on the a s sumpt ion  that the p roce s s  under  c o n s i d e r a -  
tion is desc r ibed  by a sy s t em of 2 -nd -  or  3 - r d - o r d e r  
o rd ina ry  d i f fe rent ia l  equations~ 

An a t tempt  is made  below to approach the solut ion 
of the op t imum p rob l em when the cont ro l led  object  is 
e s s e n t i a l l y  desc r ibed  by non l inea r  hea t -conduc t ion  
equat ions and the co r r e spond ing  equation of diffusion 
for carbon [3]. F o r  the case of the heat ing of p la tes ,  
we der ive  the ca lcu la t ion  f o r m u l a s  for the local  n u m -  
e r i ca l  method proposed in [4] for the solut ion of the 
p rob lem.  

Le t  the equat ions  for the heat ing [5] of a pla te  have 
the fo rm 

_ ( oQ (q) oQ 0 ~(q) 

O:~x ~1 ,  0 ~ t . ~ T ;  (1) 

OQ ] 
Q(x, 0) = Qo(x); SEx/x=~ = 0; 

~ x=0 = ~ (R'  - -  @ ) ;  (2 )  

v dR (t). + R (t) = u (t), R (0) = Ro (3) 
dt 

and at the ins tan t  at which the hea t ing  p r o c e s s  T is 
concluded we have to have the specif ied mean  square  
devia t ion f rom the pla te  d i s t r i bu t ion  Q*(x) r equ i r ed  
f rom the s tandpoint  of the equipment ,  i . e . ,  the fol low- 
ing r e l a t ionsh ip  mus t  be sa t i s f ied :  

1 

const = A = I~ = f [Q (x, T) - -  Q* (x)] = dx. (4) 
o 

The control  funct ion u(t) is subjec t  to the l imi ta t ion  

o ~,~ u (0 -~ 1. (5 )  

Let  us de sc r ibe  the deca rbon iza t ion  p roces s  for 
the su r f ace  [6] with the equat ions  

_ _  ~ O2C 
OC = D ( Q s  ~x ~, 0-~:~x-<l; 0 - ~ t - ~ T ,  (6) 
Ot ~ 

acl = C(x, o)= co, ~]x=, o, c(o, t )= c,, (7) 

where D(Q s) is the coeff ic ient  of carbon diffusion de-  
t e rmined ,  for example ,  f rom the e mp i r i c a l  Wel les  and 
Mell  f o r mu l a  [6] 

D (qs) = {0.07-}-0.06 [Co]} exp ( - -  3200 ' 
1.99 [Qs -}- 273] ,, k 

and we will  evaluate  the th ickness  of the decarbon ized  
l aye r  at the ins tan t  T by me a ns  of the funct ional  

i 

Io= S [Co--C(x, 7)]dx. (S* )  
0 

Obviously,  I 0 = 0 when there  is  no decarboniza t ion .  
Let us solve the following opt imum prob lem:  for 

s y s t e m  (1)-(3) ,  (6)-(7) ,  se lec t  the cont ro l  function 
u(t), 0 -< t -< T (the t ime  T is fixed), cons t ra ined  by 
condit ion (5) and such that the funct ional  I 0, given by 
f o r mu l a  (8"), a s s u m e s  i ts  m i n i m u m  poss ib le  value,  
while the funct ional  I1, given by fo rmula  (4), a s s u m e s  
the specif ied value at the ins tan t  t = T. The solut ion 
of the fo rmula ted  p rob lem is a t ta ined by the method 
of s u c c e s s i v e  approx imat ions ,  based on the cons t ruc -  
tion of a t r ans i t ion  f rom the control  function uk(t) 
(achieved at the k- th  i terat ion)  to the funct ion uk+l(t) 
n e a r  to it, such that the value of I 0 d imin i shes ,  i . e . ,  
I0(uk(t)) >_ I0(uk+l(t)), while the value of I1 r e m a i n s  
cons tant  to some degree  of accuracy .  To cons t ruc t  
such a p r o c e s s  let  us d e t e r m i n e  the re la t ionsh ip  be-  
tween the va r i a t i ons  of the funct ionals  6I 0 and 5I 1 and 
the sma l l  va r i a t ion  in the cont ro l  6u(t). Using the r e -  
su l t s  f rom pe r tu rba t i on  theory [7], and c a r r y i n g  out 
the appropr ia te  ca lcu la t ions ,  we der ive  fo rmu la s  for 
this r e l a t ionsh ip  in  the fo rm 

T 

8Io = ol ~o(t)~,,(t)dt,  is) 
0 

r (9) 
8 I1 = ~ ~2o (t) 6 u (t) dt. 

0 

Here  ~0(t) sa t i s f i es  the following sys t em of equat ions:  

0 5  + D(Qsi 0'___~ =-0, 0 . ~ x <  1, O~<t.<~.T, (10) 
at ax ~ 

~(x, T ) = - - I ,  a $  " =0, ~(0, t ) = 0 ,  (11) 
OX x = l  
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a ( az(Q) =o, (12) (03 ~ -  + ~ ~ (Q) ax ~ ax ax 

d ~ ~  t ) = 0 ,  (13) 
~-ST 

O ~  x=l ~(x, T)=0, ~o(T)=0 ,  =0,  (14) 

- ~ -  --4~ QS'.r ] ~=0 
1 

1 i' -O~ dxl 0D [ t : (x, t )  ax ~- ~aQ~ (15) 
0 

In relationship (15) ~b(x, t) is determined from the solu- 

tion of system (I0)-(ii). 

The function r satisfies the equations 

O~'+ a (;~(Q) a~p'~ ~162 c)~(Q)-o, (16) 
(Q) ax a--21 ax ax 

d% u a~'(O, t)=O, 
0 J r . < T ,  0 . ~ x ~ l  (17) 

% (7") = O, 

2 _ Q .  
, '  (x, T) -- ~ (Q (x, T)) [Q (x, T) (x) ], (18) 

O~'Ox ,==0 ,  [k(Q) O ' l! 

By m e a n s  of f o r m u l a s  (8) and (9) we c o n s t r u c t  the 
p r o c e s s  of s u c c e s s i v e  a p p r o x i m a t i o n s  a c c o r d i n g  to the 
usual  s c h e m e  [4]. 

Le t  us d iv ide  the t ime  ax i s  into N p a r t s  with the 
po in ts  0<_ t o ~ t l_< . . .  _ t N = T  and we wil l  dea l  only 
with the p i e c e w i s e - e o n s t a n t  con t ro l s  of the f o r m  

u (t) = u~, w h e r e  t E [ t ~ ,  t,~[. (20) 

We wil l  r e p l a c e  f o r m u l a s  (8) and (9) by f i n i t e - d i f f e r -  
ence  r e l a t i o n s h i p s  of the fo rm 

N 

*on 5 un, where = ~i  (l) dr, = *on (21)  

N t n  

a l l =  ~'~ *0~hk 5uk~, where~~ S r  (22) 
n ~ l  tn.~. 

where  k is  the i t e r a t i o n  number ;  the n u m b e r s  ~ k  n and 
ck n (n = 1, 2 . . . . .  N) a r e  p a r t i a l  d e r i v a t i v e s  of the func-  
t iona ls  I~ ~ and I k with r e s p e c t  to the v a r i a b l e s  5ukn . The  
v a r i a t i o n  of 5u k (n = 1 ,2  . . . . .  N) is  ach ieved  by so lv ing  
the fo l lowing l i n e a r - p r o g r a m m i n g  p r o b l e m .  

F i n d  N n u m b e r s  Sun k m i n i m i z i n g  the l i n e a r  f o r m u l a  
(21) and s a t i s fy ing  the fo l lowing l i m i t a t i o n s :  

N 

~)o~ 5 u n = 0, (23) 

0.<  unk + 6U~(.  1, 16u~[ <: e'~ > 0, (24) 

n = l ,  2, ..., N. 

The methods for the solution of such problems have 
now been well developed [8]. 

Finally, the scheme for the method of successive 

approximations is the following. 

Let the control function uk(t) derived on the k-th 

iteration be specified. For the determination of uk+1(t) 

the following calculations are carried out. 
i. The function uk(t) is substituted into (3), and 

(i)-(3) and (6)-(7) are integrated by one of the numer- 

ical methods. From (4)-(8) we calculate the values of 

I} and 
2. The functionsQk(x,t), ck(x,t), Rk(t), 0-< t-< T, 

0 _< x <-- 1 thus derived are substituted into (10)-(15) 

and (16)-(19), and these ace then integrated in reverse 

order (the initial conditions in these equations are 
specified, as usual [4], at the instant t = T) as follows: 

initially system (i0)-(!I), then the derived function 
@(x, t) is substituted into (15) and system (12)-(15) is 

integrated. Following this, system (16)-(19) is inte- 

grated. 
3. We use formulas (21) and (22) to calculate the 

numbers ~0kn and %k (n = i, 2 ..... N). 

4. We select the magnitude of a k, and the varia- 

tions in the control SUn k (n = i, 2 ..... N) are determined 
by solution of the linear-programming problem. 

5. The improved control is determined by the for- 
mula 

k+, u ~ - S u  ~ 2, ., (25) un = n , n, n = l ,  .. N. 

Since f o r m u l a s  (8)-(9)  and (21)-(22) a r e  va l id  only 
when the f i r s t  a p p r o x i m a t i o n  is  app l i cab l e  (given suf f i -  
c ien t ly  s m a l l  5u(t) and Sunk), the c o r r e c t  s e l ec t i on  of 
e k at each  i t e r a t i o n  is  a b a s i c  p r e r e q u i s i t e  for  s u c c e s s -  
ful op t imiza t ion .  We can con t ro l  the va l id i ty  of the 
s e l ec t ion  of e k by c o m p a r i n g  the " t rue"  (de r ived  by 
iteration) increments of the functionals 

AI = =13+'-Io 
and the increments 511 and 510 predicted on the basis 
of (21) and (22). 

Remarks: I) The storage capacity of a digital com- 
puter is governed by the condition that at each itera- 

tion it is necessary to store the distributions Q(x, t), 
R(t), C(x,t), 0 ~ x ~_ 1, 0 ~ t_< T at a sufficient num- 

ber of points. In the linear case--when k and ~ are con- 
stants-we need only the functions Qs(t), R(t), and 
C(x,t) for the solution of systems (I0)-(15) and (16)- 

(19). 
2) We should note that  s y s t e m  (6)-(7)  fo r  carbon is  

integrated essentially in the narrow layer adjacent to 

the surface for 0 _ x -< x 0, where x 0 << i. 
3) With limitations on such phase variables of the 

system as furnace temperature, plate surface, etc., 

we should proceed as recommended in [4]. 
4) The method is convenient for the compilation of 

standard programs to solve problems of this kind. In 
this case, the solutions of the analysis problem avail- 

able because of the existence of a program (integration 
of system (1)-(3), (6) and (7) for a specified control 
function) make up a component part of the over-all al- 
gorithm scheme. Solutions of systems such as (i0)- 

(15) and (16)-(19), as a rule, present no significant 

difficulties in view of their linearity. 
5) Derivation of formulas such as (8) and (9) is pos- 

sible for bodies of other shapes (cylinders, prisms) 
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and for another  fo rm of Eq. (3) which de sc r i be s  the f u r -  
nace  ine r t i a .  Th i s  equat ion,  gene ra l l y  speaking,  can 
be r ep l aced  by a non l inea r  sy s t em of o rd ina ry  d i f fe r -  
ent ia l  equat ions  with specif ied in i t i a l  condit ions at the 
ins t an t  t = 0. 

6) The p r o b l e m  of op t imum control  with other opt i-  
ma l i t y  c r i t e r i a  can be solved in  s i m i l a r  fashion.  F o r  
example ,  the p rob l em of the f a s t e s t  heat ing of a blank 
to a specif ied condit ion with a specif ied value for the 
magni tude  of decarbon iza t ion  at the end of the p r o c e s s ,  
etc. 

7) The m a t h e m a t i c a l  model  for  the p r o c e s s  of c a r -  
bon diffusion in the sur face  l aye r  of a meta l  can be 
changed by cons ide ra t ion  of a boundary  condit ion of the 
3rd kind ins tead  of condit ion (7), and also by i n t roduc -  
ing a second control  funct ion,  i . e . ,  the t i m e - v a r y i n g  
ca rbon  potent ia l  of the a tmosphe re .  This  i s  e s sen t i a l ,  
for example ,  in p r o b l e m s  of ca rboniza t ion .  

In conclus ion,  let  us take note that n u m e r o u s  i m -  
por tan t  i ndus t r i a l  p r o c e s s e s  (drying,  ca rboniza t ion  of 
me ta l  su r f aces  in specia l  a t m o s p h e r e s ,  me ta l  oxida-  
tion [9], etc. ) have ma thema t i ca l  models  s i m i l a r  to 
those cons ide red  above, and the p rob l ems  of choosing 
the op t imum product ion  r e g i m e  for these p r o c e s s e s  
can be r e so lved  on the bas i s  of the methodology p r e -  
sented  here .  In this a r t i c l e  we have not dealt  with p rob-  
l e m s  pe r t a in ing  to the convergence  of the method of 
succes s ive  approx ima t ions ,  nor  is the r a t e  of its con-  
ve rgence  evaluated.  

In [10], us ing  speci f ic  n u m e r i c a l  ca lcu la t ions ,  we 
have d e m o n s t r a t e d  the e f fec t iveness  of applying an 
analogous method of succes s ive  approx imat ions  to 
p r o b l e m s  of op t imum control  in the heat ing of m a s s i v e  
bodies ,  said method fo rmula ted  in r e f e r e n c e  [5]. This  
c i r c u m s t a n c e  may se rve  as a bas i s  for the appl icat ion 
of this method to the solut ion of p r o b l e m s  s i m i l a r  to 
those t rea ted  above. 

NOTATION 

Q(x, t) is the temperature distribution in a plate; 
Qs(t) is the temperature of the body surface; R(t) is 

the t e m p e r a t u r e  of the furnace;  u(t) is the the rmal  
power  of the furnace;  Q0(x) and R 0 a re  the in i t ia l  t e m -  
p e r a t u r e s  of the body and furnace ;  t is the t ime;  x is 
the coordinate;  T is the total heat ing t ime;  k(Q) is  the 
t he rma l  conduct ivi ty  of the ma t e r i a l ;  c(Q) and 7(Q) a re  
the heat capaci ty and dens i ty  of the ma t e r i a l ;  c~ and 
a re  the cons tants  c h a r a c t e r i z i n g  heat t r a n s f e r  in the 
"furnace-heated g body" sys tem;  C(x,t) is the concen-  
t r a t ion  of ca rbon  at some  d is tance  f rom surface  with 
given t, %; C o is the ini t ia l  ca rbon  content  in s teel ,  %; 
C s i s  the carbon  content  on the sur face  of the meta l ,  
%; C(x,t), C(x,t), C'(x,t) ,  r and C0(t)are the func-  
t ions sa t i s fy ing  sy s t e ms  of equat ions (10)-(15),  (16)-  
(19); n = 0, 1 . . . . .  N a re  the n u m b e r s  of the t ime in-  
t e rva l s ;  k is the i t e r a t ion  numbe r .  
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